Local wrinkles are widely observed in film-substrate systems both in nature and in engineering. In this paper, we investigate the surface wrinkling of a film-substrate structure subjected to local prestretch in a circular region. Hankel transform is used to unravel the interface condition between the stiff film and the compliant substrate. The critical prestrain and the corresponding wrinkling number are solved as functions of the radius of the prestretched region and the Young's modulus ratio between the film and substrate. The theoretical analysis is validated by a semi-implicit numerical method based on the Fourier spectral technique. The postbuckling behavior is also simulated via the numerical method. It is found that during postbuckling, the surface wrinkles may experience a secondary bifurcation and evolve into branching patterns.
Introduction
The issue of surface wrinkling has attracted much attention in the past decades because of its technological significance in, for instance, stretchable or flexible electronic devices (Kim and Rogers, 2008) , film metrology (Stafford et al., 2004) , surface topography (Cai et al., 2011) , medical engineering (Li et al., 2012) , and colloidal crystal assemblies (Efimenko et al., 2005) . Besides, surface wrinkling frequently occurs in biological tissues and systems with normal and morbid physiological processes, e.g., scar contraction (Cerda, 2005; Flynn and McCormack, 2008) , skin corrugation (Genzer and Groenewold, 2006) , mucosal morphogenesis (e.g., esophagus, airway, and stomach) (Li et al., 2011; Moulton and Goriely, 2011) , and fruit shrinkage (Yin et al., 2008) . For a stiff film lying on a compliant substrate subjected to compressive strain beyond a critical value, the system may buckle into various surface patterns, e.g., stripes, checkerboards, hexagons, herringbones, etc. (Cai et al., 2011; Cao et al., 2012; Chen and Hutchinson, 2004; Cheng et al., 2014; Huang et al., 2005; Li et al., 2010; Song et al., 2008) . The wrinkling mode in a specific system depends on its geometric and material parameters, external loads, and boundary conditions.
In recent years, much effort has been directed toward understanding various wrinkling phenomena in freestanding thin films and film-substrate systems, including surface wrinkling induced by local loads or differential volume growth/shrinkage (Cerda, 2005; Chung et al., 2009; Coman and Bassom, 2007; Coman and Liu, 2013; Flynn and McCormack, 2008; Géminard et al., 2004; Qiao et al., 2013) . Take eye wrinkles as an example. Human skin is comprised of a thin epidermis resting on top of a thick and much softer dermis layer (Genzer and Groenewold, 2006) and, therefore, it can be modeled as a stiff film-compliant substrate system. The appearance of eye wrinkles with aging is primarily due to the differential volumetric growth/shrinkage and elastic modulus variations of epidermis and dermis. Among various types of surface patterns, radial wrinkles have recently attracted much attention. Géminard et al. (2004) conducted an experiment in which the center of an elastic disc is sucked into a small ring, generating radial wrinkles around the inner ring when the suction is beyond a critical value. On the basis of experiments, Cerda (2005) established a scaling model to investigate the local wrinkling of skin due to scar contraction, with the influence of underlying supporting dermis neglected. Coman and Bassom (2007) performed numerical simulations and asymptotic analysis to study the radial wrinkling of an annular thin film without substrate in tension. They elucidated the exponential decay of wrinkles by using the Wentzel-Kramer-Brillouin theory (Coman and Haughton, 2006) . Wang et al. (2014) studied, both experimentally and theoretically, the local surface wrinkling of a thin film on a compliant substrate subjected to surface torsion. They http://dx.doi.org/10.1016/j.ijsolstr.2014.12.011 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved.
found that each spiral wrinkle has the shape of an Archimedean spiral curve. Besides, an elastic sheet floating on a fluid may buckle due to the capillary force at the solid-liquid contact line, referred to as elastocapillary buckling (Huang et al., 2007; Liu and Feng, 2012; King et al., 2012; Toga et al., 2013; Vella et al., 2010) .
Radial wrinkles often occur in biological tissues and engineering structures. However, the critical condition for the occurrence of radial wrinkles and their morphological evolution of filmsubstrate systems remains unclear. In this paper, therefore, we will investigate, through theoretical analysis and numerical simulations, the local radial wrinkling of a thin stiff film lying on an infinite compliant substrate engendered by a prestretch in a circular region. The layout of this paper is as follows. In Section 2, we develop a theoretical model to analyze the critical radial buckling behavior of a film-substrate structure. Hankel transform technique is introduced to account for the effect of elastic interaction between the film and the substrate. In Section 3, a semi-implicit numerical algorithm is utilized to calculate the morphological evolution and validate the theoretical model. The results are given in Section 4, where two important features of the normalized radius of the prestretched area and the film/substrate modulus ratio are discussed. Besides, a curve-fitting analysis is made to simplify the theoretical results and a postbuckling simulation is further conducted when the prestretch is beyond the critical value. Finally, Section 5 gives the conclusions drawn from this study.
Theoretical analysis

Model
Consider a stiff thin film of thickness h, perfectly bonded to a compliant semi-infinite elastic substrate. In a circular area of radius r 0 , the film has a homogeneous prestretch with equal-biaxial strain e 0 . This model can mimic such film-substrate systems as skin with local strain induced by different reasons, e.g., differential growth in scar. Refer to a cylindrical coordinate system (r; h; z), as shown in Fig. 1 , where the origin O is located at the center of the prestretched region, and the r and h axes are along and normal to the radial direction, respectively. Both the film and the substrate are assumed to be linear elastic and isotropic, with Young's moduli E f and E s , and Poisson's ratios v f and v s , respectively. When the prestrain e 0 reaches a critical value, the region outside the prestretched area may wrinkle into a radial or spoke-like morphology because the maximal compressive stress is along the circumferential direction. The unbuckled state of the system under the given
h , and w b represent the additional displacement due to buckling in the r, h, and z directions, respectively.
In the polar coordinate system (r; h), the strains e f ab in the film can be expressed as
Using Hooke's law and Eq. (4), the membrane forces in the film can be obtained as
f Þ is the plane-strain elastic modulus of the film and d ab is the Kronecker delta. Einstein summation convention is adopted for repeated Greek indices, which take the values of 1 (or r) and 2 (or h).
Three-dimensional solution of film-substrate interaction at the radial wrinkling state
The interaction between the thin film and the substrate plays a significant role in the wrinkling of the system. In this study, the effect of shear stresses at their interface will be taken into account. However, this problem is mathematically complicated, involving three-dimensional and non-axisymmetric wrinkling deformations of the film and the substrate. In what follows, we introduce the Hankel transform to solve this problem.
Let T r and T h denote the shear stresses and T z denote the normal stress at the film-substrate interface. Then the equilibrium equations of the film are expressed as
where is the bi-harmonic operator in the polar coordinate system. The equilibrium equations and the constitutive relations of the substrate read
where u r , u h , and w are the displacements of the substrate in the r, h, and z directions, respectively, r ij (i; j ¼ r; h; z) are the stresses, G s is
is the volumetric strain. When the film buckles into n radial wrinkles along the r axis, the displacements and stresses in the underlying substrate can be expressed as u r ¼ u rs ðz; rÞ cosðnhÞ; 
where the operator r
@z 2 . For simplicity, introduce the following intermediate variables
Substitution of Eq. (12) into (11) yields
We use the Hankel transform to solve the above differential equations in the cylindrical coordinate system. The nth-order Hankel transform and its inversion are defined as (Sneddon et al., 1972) 
respectively, where J n ðnrÞ is the nth Bessel function. From the (n + 1)th and (n-1)th-order Hankel transform of Eqs. (13a) and (13b), and the nth-order Hankel transform of Eqs. (13c) and (13d), one obtains
respectively. By applying the Hankel transform to the constitutive relation in Eq. (9), in conjunction with Eq. (15), we can derive the displacements and stresses in the Hankel space as
The coefficients C i (i ¼ 1-6) need to be determined from the top and bottom boundary conditions of the substrate. It is known from Eq.
(16) that when the substrate is incompressible (i.e., v s ¼ 0:5), the constants C 3 ¼ C 4 ¼ 0. This indicates the decoupling between the in-plane and out-of-plane components at the interface, in accord with the solution in the Cartesian coordinate system (Mei et al., 2011) . At the perfectly bonded interface, the film and the substrate have continuous displacements in all directions. Assume that the film has a perturbation of displacements in the following form: 
where u rm , u hm , and w m are small amplitudes of the corresponding displacements. The functions f ðrÞ and gðrÞ define the profile of the wrinkled morphology along the r axis and will be obtained approximately by considering the results from numerical simulations, as described below. Now we solve the interaction between the film and the substrate induced by perturbation. For a semi-infinite substrate, the boundary conditions read u r j z¼0 ¼ u rm f ðrÞ cosðnhÞ; u h j z¼0 ¼ u hm f ðrÞ sinðnhÞ; wj z¼0 ¼ w m gðrÞ cosðnhÞ;
Then the unknown constants are obtained as
gðsÞsJ n ðnsÞds;
Combining Eqs. (18), (19) and the inversion of the Hankel transform of Eq. (16), we can finally obtain the shear stresses and the normal stress at the interface as T r = cosðnhÞ T h = sinðnhÞ
where K is a 3 Â 3 stiffness matrix. Its components are given by Thus, once the functions f ðrÞ and gðrÞ are determined, the stiffness matrix K in Eq. (20) and the stresses at the film-substrate interface can be solved.
Linear perturbation analysis
On the basis of the above solution, we now perform a linear perturbation analysis of critical buckling. Let n denote the number of wrinkles along the circumferential direction. The corresponding perturbation of displacements is expressed by Eq. (17). Castigliano's first theorem is employed to determine the critical condition for the onset of buckling.
At the wrinkled state, the elastic strain energy in the film outside the circular area contains two parts, namely, the membrane energy U m and the bending energy U b , which correspond to the in-plane and out-of-plane deformations, respectively. They are calculated by
Using Castigliano's first theorem, in conjunction with Eq. (20), we can obtain the equilibrium equations of the film in the three directions as
In the critical buckling analysis, the amplitudes of wrinkles are infinitesimal. In this case, the equilibrium equations (24) become the following linear eigenvalue problem
where M ¼ ðM ij Þ 16i;j63 is a 3 Â 3 coefficient matrix. Once the material and geometric parameters of the film-substrate system are given, the matrix M has only two unknowns, namely, the prestrain e 0 and the wrinkling number n. The film will buckle when the determinant of matrix M vanishes. From this condition, the critical value of prestrain e 0 at buckling can be obtained as a function of wrinkling number n. Among all possible wrinkling patterns, the system will prefer to the mode, with a wrinkle number designated as n crit , which corresponds to the minimal value of critical prestrain, deemed as e crit . When the prestretched strain reaches e crit , the thin film will buckle into n crit radial wrinkles.
Numerical scheme
To validate the theoretical analysis derived in Section 2, we adopt the Fourier spectral method (Huang et al., 2005) to simulate the local radial wrinkling in a film-substrate system. In the following discussion and simulations, we use the Cartesian coordinate system ðx 1 ; x 2 ; zÞ. Through the Fourier transform, the linear parts of partial differential equations will become a system of algebraic equations in the Fourier space, while the nonlinear terms need to be calculated in the real space. We will apply the semi-implicit numerical scheme developed by Gottlieb et al. (1977) to solve the resulting equations.
First, the displacements of the film are transformed into the Fourier space as:
where the Greek subscripts take the values 1 and 2, k b are the coordinates in the Fourier space, and i is the imaginary unit. In the following analysis, we will normalize all stresses with the plane-strain modulus of the film E f , and lengths with the film thickness h. The normalized equilibrium equations in the Fourier space are written aŝ 
where l ¼ G s = E f . The nonlinear part in the right-hand side of Eq. (28) cannot be transformed explicitly, and we use the fast Fourier transform technique to calculate it.
For the considered problem, the interfacial tractions in the Fourier space are given bŷ
where D ¼ ðD ij Þ 16i;j63 is the substrate stiffness in the Fourier space, which is expressed as (Huang et al., 2005 )
Combining Eqs. (26)- (30), we obtain the normalized iterative equation:
where dt is the iterative increment in each step,û n a andŵ n denote the in-plane and out-of-plane displacements of the film at the iteration step n, respectively. The iteration will be stopped when the total energy converges to a constant.
We simulate the local wrinkling patterns in a square region in the ðx 1 ; x 2 Þ plane with periodic boundary conditions. The calculation model is sufficiently large such that the periodic boundary conditions do not interfere with the results. The square region is meshed into 512 Â 512 elements with identical sizes. A random deflection field is prescribed with a magnitude smaller than 0.001. Specify the prestrain e 0 > 0 in a central circular region with a given radius. The final wrinkling pattern will be obtained when the iteration procedure is finished. 
Results and discussions
Critical radial wrinkling
First, we use the numerical scheme in Section 3 to predict the critical radial wrinkling patterns. In all simulations, the Poisson's ratios of the stiff film and the compliant substrate are set as v f ¼ 0:3 and v s ¼ 0:4, respectively, and the size of the computational region is 560h Â 560h. Fig. 2 gives some representative wrinkling patterns, presented by the normalized displacement field w f =h of the film. The effect of the normalized size of the prestretched region r 0 =h is shown in Fig. 2(a) , where the film/substrate modulus ratio is fixed as E f =E s ¼ 1000. For r 0 =h = 20, 30, 50, 60, and 70, the corresponding mode numbers are n crit = 6, 8, 12, 14, and 16, respectively. It is seen that the number of wrinkles is approximately proportional to the normalized radius r 0 =h of the prestretched zone. The effect of E f =E s is illustrated in Fig. 2(b) under a fixed value of r 0 =h ¼ 50. For a few representative values of E f =E s = 200, 500, 1000, 2000, and 4000, the corresponding mode numbers are n crit = 20, 16, 12, 10, and 8, respectively. For a specified value of r 0 =h, the smaller the modulus ratio E f =E s between the film and the substrate, the larger the wrinkling number. Moreover, when E f =E s is small, it has a great influence on the mode number, while its effect weakens as E f =E s increases.
A distinct size effect can be seen from Fig. 2 . With the normalized radial coordinate r=h increases from r 0 =h, the profile of the wrinkling morphology rises rapidly to an extremum and then gradually attenuates. The functions f ðrÞ and gðrÞ in Eq. (17), which represent the displacement variations in the radial direction, should exhibit the same changing tendency. Besides, they should also be easy to perform the Hankel transform and its inverse transform. Considering these conditions, we take 
where g is an attenuation coefficient. Our simulations show that g varies with the normalized radius r 0 =h, and we take g ¼ 0:26ðr 0 =hÞ 0:33 to fit the numerical results under different values of r 0 =h. Then we further quantify the effect of prestrain on the wrinkling mode. For a specified value of the prestretched region radius r 0 =h and the film/substrate modulus ratio E f =E s , the prestrain e 0 is solved from Eq. (25) as a function of the wrinkling mode number n.
For several different values of r 0 =h and the fixed value of E f =E s ¼ 1000, Fig. 3 plots the e 0 versus n curves. In each curve, the minimal value of e 0 is determined as the critical strain e crit , which would minimize the total potential energy of the system. The corresponding mode number is acquired as n crit .
The variations of the wrinkling mode number n crit and the critical prestrain e crit with respect to the prestretched region radius r 0 =h are illustrated in Fig. 4 (a) and (b), respectively, where we take E f =E s ¼ 1000. Both Figs. 3 and 4 show that with the increase in r 0 =h, the critical strain e crit decreases whereas the mode number n crit increases. In Fig. 4(a) , the stair-step trend arises from the integer constraint on the mode number. Also observed is a good agreement between the numerical results and the theoretical analysis for the mode number. It is seen from Fig. 4(b) that the numerical solutions of the critical strain e crit are slightly higher than the theoretical predictions. This might be due to the simplification of theoretical models and the limit of the numerical algorithm in the critical radial buckling. The effects of the film/substrate modulus ratio E f =E s on the critical strain e crit and the critical wrinkling mode number n crit are shown in Fig. 5 , where the normalized radius of the prestretched region is fixed as r 0 =h ¼ 50. It is found that both the critical strain e crit and the mode number n crit reduce with the increase in the modulus ratio E f =E s . The variations of both e crit and n crit with increasing E f =E s is dramatic when E f =E s < 1000, but they will become relatively gentle for E f =E s > 2000. This result can be understood as follows. When the substrate is very compliant in comparison with the thin film, the elastic strain energy in the substrate will be small and the buckling behavior of the system is dominated by the strain energy of the thin film.
To facilitate the application of the above model, we further give approximate expressions of the critical strain e crit and the mode number n crit . The considered system has the following main independent parameters: the prestretched region radius r 0 , the film thickness h, and the plane-strain elastic moduli
Inspired by some previous studies on film/ substrate systems (Li et al., 2012) , we assume the following fitting solutions:
where A, B, b 1 , a 2 , and b 2 are constants as yet to be determined. To demonstrate that the solutions in Eq. (33) work in a wide range of geometric and material parameters, we vary the geometric parameter r 0 =h in the range from 20 to 70, and the modulus ratio E f = E s from 92 to 3692. By fitting the data from theoretical analysis, we obtain the constants as A ¼ 1:77, b 1 ¼ À0:29 by linear regression fitting and B ¼ 12:15, a 2 ¼ À0:48, b 2 ¼ À0:60 by binary linear regression fitting. Fig. 6(a) and (b) give the mode number n crit and the critical strain e crit respectively, where the scatters present the solution obtained by the method in Section 2 and the solid line stands for Eq. (33). Thus once the normalized radius and the elastic modulus ratio are specified, one can easily predict the occurrence of radial wrinkling and the corresponding wrinkle number by using Eq. (33).
Postbuckling evolution
Finally, the postbuckling behavior of the film-substrate system with local prestretch is also discussed on the basis of our numerical simulations. A few surface wrinkling patterns of the film-substrate system with increasing prestrain are presented in Fig. 7 , where the size of the computational cell is 2736h Â 2736h, and the geometric and material parameters are r 0 =h ¼ 304 and E f =E s ¼ 3571. For this system, the critical prestrain is e crit ¼ 0:011. Fig. 7(a) shows the axisymmetric deformation when the prestrain is lower than the critical value e crit . With the increase in the prestrain, the circumferential compressive stress around the prestretched region develops and the surface buckles into a nonaxisymmetric actinomorphic morphology, as shown in Fig. 7(b) . Then, the amplitude of the radial wrinkles becomes deeper with further increase in the prestrain, which extends the wrinkled region meanwhile (Fig. 7(c) ). At this stage, the mode number and the style of the wrinkled pattern remain unchanged. If the prestrain is large enough (e.g. e 0 ¼ 0:05) and the film is much stiffer than the substrate (e.g. E f =E s ¼ 3571), a secondary bifurcation will appear, triggering branching wrinkles (Fig. 7(d) ). It shows that the circumferential wrinkles split away from the circular region, which was also observed in the experiment of a floating annulus (Piñeirua et al., 2013) . 
Conclusions
A theoretical model has been proposed to investigate the radial wrinkling of a stiff thin film lying on a compliant substrate triggered by local prestretch within a circular region. Our analysis demonstrates that the radius of the prestretched region and the film-substrate modulus ratio play significant roles in the wrinkling process. Both the critical strain and the critical wrinkling mode number decrease with the increase of film-substrate modulus ratio, while increasing the radius of the prestretched region lowers the critical strain and raises the wrinkle number. Approximate expressions are provided for the critical strain and the wrinkling number in terms of the geometric and mechanical parameters of the system. During postbuckling, the surface wrinkles may experience a secondary bifurcation and evolve into branching patterns. This study is not only helpful for understanding the formation of radial wrinkles in nature, e.g., wrinkles around a circular scar, but also holds a clue for potential applications in the fabrication of surface morphologies with novel functions.
Finally, the limitations of the presented study are emphasized as follows. Firstly we have assumed a uniform biaxial prestretch in a circular region, which leads to only radial wrinkles. If the prestretched region is not of circular shape or subjected to other prestretching states (e.g., uniaxial tension or compression, an biaxial compression), the wrinkles would be different. In general, such wrinkling phenomena can be solved through finite element simulations. Secondly, the solution given in Eq. (33) is independent of the characteristic sizes of the system but depends on only the dimensional parameters r 0 =h and E f = E s . When the film thickness shrinks to nanometers, surface/interface effects may have a considerable influence. In this case, the theory of surface elasticity (Gurtin and Murdoch, 1975) can be used to derive a size-dependent solution.
